Abstract. We show that a category M equipped with a model structure defined by a proper, locally small class of orbits O is Quillen equivalent to the category of small relative presheaves P(M, O).
Introduction
Characterization of presheaf categories is a classical problem in category theory. Simple criteria determining if a category is equivalent to a category of presheaves were found by M. Bunge in her Ph.D. thesis. A generalization for presheaves taking values in a closed monoidal category appeared in [8, Corollary 4.19 ]. Bunge's theorem states that a category E is equivalent to a presheaf category Set C op if and only if it is a complete, wellpowered and co-wellpowered, coregular (epimorphisms are coequalizers) category with a generating set of abstractly unary projectives (atoms). C my be chosen to be the full subcategory of E generated by the atoms.
A similar question in homotopy theory was treated by W.G. Dwyer and D. Kan, [18] . They introduced the concept of a subcategory O of orbits (instead of atoms) in a simplicial category M , such that M equipped with a set of orbits carries a model structure Quillen equivalent to the simplicial presheaves P(O) with the projective model structure. Let S denote the category of simplicial sets, which we shall also call spaces, and let G be a (discrete or simplicial) group, then the homogeneous spaces O G = {G/H | H < G} are orbits also in the sense of Dwyer and Kan. In this example the Bredon equivariant model category on G-spaces is Quillen equivalent to the category of simplicial presheaves P(O G A set of orbits
n ∈ N in the category of functors from finite pointed spaces to pointed spaces allowed Dwyer and C. Rezk to classify the polynomial functors in the sense of T. Goodwillie, [19] , as simplicial presheaves over this orbit category (unpublished).
In the stable situation, similar considerations lead S. Schwede and B. Shipley to classify spectral model categories with a set of compact generators G as categories of spectral presheaves over the endomorphism category of G , i.e., over the category of orbits, [24] .
The construction, by Dwyer and Kan, of a model category determined by a set of orbits, [18, 2.2] , was generalized by E. Dror Farjoun, [15, 1.3] , to encompass model categories determined by proper classes of orbits with an additional property called local smallness, see Definition 2.4, which came up in the generalization of Bredon's equivariant homotopy theory to the arbitrary diagram categories by Farjoun and A. Zabrodsky, [16] . Therefore the resulting model category of D-shaped diagrams is called the equivariant model structure.
The purpose of this work is to generalize theorem [18, 3.1] by Dwyer and Kan establishing a Quillen equivalence of a category M with the model structure defined by a set of orbits O ⊂ M and the category of simplicial presheaves with the projective model structure P(O). We prove this theorem for a category M equipped with a locally small class of orbits, and use relative simplicial presheaves as a Quillen equivalent model category, see Section 2. As an application we show that the model category introduced by Dror Farjoun, [15] , is Quillen equivalent to the category of relative simplicial presheaves, even though the orbit category is no longer small.
One technical condition a model category must satisfy is completeness and cocompleteness. We follow the modern treatments [20] and [21] rather than original Quillen's work, [23] , and demand that the underlying category be complete and cocomplete with respect to all small limits and colimits and not just with respect to the finite ones. On the other hand we do allow the factorizations to be not necessarily functorial, as in Quillen's original definitions and unlike the modern treatments of the subject.
Prior to this result, we have shown with Dwyer, [11] , that the category of maps of spaces with the equivariant model structure is the Quillen equivalent of the category of small presheaves indexed by the category spaces (small contravariant functors, which are left Kan extensions from some small subcategory of spaces), since the category of orbits in this case is equivalent to the category of spaces. The technical advantage of the category of maps of spaces, as opposed to the Dshaped diagrams of spaces for arbitrary D, is that the category of orbits O ∼ = S is complete, implying that the category of small presheaves P(S ) is also complete by a theorem of B. Day and S. Lack, [14] . P(O D ) need not be complete in general, and we use relative presheaves in order to overcome this and other technical difficulties.
The paper is organized as follows. Relative presheaf categories are introduced and discussed in Section 2. In particular, we give sufficient conditions for the existence of the relative model structure and show that it is well-defined, up to equivalence of ∞-categories. In Section 3 we recall the definition of the collection of orbits as it appeared in [15] and prove our main result, establishing the Quillen equivalence between a model structure defined by a collection O of orbits and the category of O-relative presheaves. Section 4 is devoted to proving that the equivariant model structure on the category of diagrams of spaces is Quillen equivalent to the category of relative presheaves, generalizing [11] . The paper concludes with further examples of relative presheaf categories, which have appeared in recent papers [5] , [6] , [10] .
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Relative presheaf categories
We introduce relative presheaves in this section, offering a solution to the following problem: if M is a complete simplicial category and O ⊂ M is a full subcategory, which is not necessary complete, find a way to speak about a model structure on P(O), even though P(O) is not complete. The motivating example is the generalized orbit categories in the sense of Farjoun, [15] , see also 3.1 for the precise definition.
As a category, relative presheaves P(M, O) = P(M ) = S M op are just the small presheaves over M , but the model structure is "relative to" O. Then the category of relative presheaves is complete, since M is complete, [14] . If the category of orbits O is small, then the category of relative simplicial presheaves with respect to O is Quillen equivalent to P(O) by the theorem [18, 3.1] of Dwyer and Kan.
Still, we can ask to what extent the category of relative presheaves depends on the complete category containing O. In this section we show that it is independent of the choice of embedding, at least up to an equivalence of the corresponding simplicial categories. We were unable to show the existence of a Quillen equivalence.
Since there are other possible applications for the relative presheaves outside of the context offered by the concept of an orbit category, we stop using the suggestive notation and study abstract relative presheaves in this section.
Definition 2.1. Let C be a simplicial category and let D be a full simplicial subcategory of C . Denote by P(C ) the category of small simplicial presheaves on C , i.e., the category of small contravariant functors F :
are weak equivalences (resp., fibrations) of simplicial sets.
The goal of this section is to work out the conditions on C and D such that there would exist a model structure on P(C ) with D-equivalences as weak equivalences and D-fibrations as fibrations. (1) If C = D, then we obtain the concept of the projective model structure constructed by A.K. Bousfield and Kan for every small simplicial category, [7] , and by the author and Dwyer for the case where C is a (large) complete simplicial category, [11] . (2) If C is a small simplicial category with a full subcategory D, then P(C , D) with the relative model structure is Quillen equivalent to P(D) with the projective model structure by [18, 3.1] . P. Balmer and M. Matthey used this model category (also for non-simplicial categories C ) in order to introduce the concept of codescent, [1] , which, in turn, was used in the reformulation of Baum-Connes and Farrell-Jones conjectures in model categorical terms, [2] . (3) If C = Sp op the dual of the category of symmetric spectra and D ⊂ C the subcategory of fibrant spectra, i.e., cofibrant in C op , then the resulting relative model structure P(C , D) is the fibrant-projective model structure constructed in our work with G. Biedermann, [5] .
Let us denote by I S and J S respectively the generating cofibrations and the generating trivial cofibrations of simplicial sets S . Given the definition of D-weak equivalences and D-fibrations, we can define the classes of generating cofibrations and generating trivial cofibrations (1) Every small subcategory is locally small; (2) Collection of orbits in the category of diagrams of spaces, introduced in [16] , is locally small, see Proposition 4.1; (3) In a combinatorial model category M , every set A of cofibrant objects defines the class C(A ) of A -colocal objects, which is locally small, since for every M ∈ M the cellularization of M may be taken as W M = {CW A M }; (4) If K is a (possibly large) simplicial category, then the full image of K in P(K ) under the Yoneda embedding is a locally small subcategory of P(K ) by [11, 3.5] .
Remark 2.6. Unfortunately there is no widely accepted terminology for the concept that we call, following [15] , a locally small subcategory. No confusion with the standard categorical concept of a locally small category is possible, since we do not consider categories with large hom-sets in this paper. In a more categorically oriented work the same concept would be called a subcategory satisfying the cosolution set condition or a cone-coreflective subcategory, [12, 13] .
Lemma 2.7. Let E be a category and let C ⊂ E be a locally small subcategory. Suppose D ⊂ C is a locally small subcategory of C . Then D ⊂ E is locally small.
Proof. Left to the reader.
Proposition 2.8. Let C be a complete simplicial category and D a full locally small subcategory of C . Then the category of small simplicial presheaves may be equipped with the D-relative model structure P(C , D).
Proof. The relative model structure on the category of small presheaves is a particular case of the model structure determined by a (possibly large) collection of orbits, [15, 1.3] . P(C , D) = P(C ) as a category is complete by [14, 3.9] . The full subcategory O = {R D | D ∈ D} of functors representable by the objects of D satisfies all the axioms required from a collection of orbits Q0-Q3, [18, 15] . We need only verify that O is locally small in C . But the collection of all representable functors Y C = {R C | C ∈ C } is locally small in P(C ) by [11, 3.5 
is also a locally small subcategory of P(C ). In such a situation it is reasonable to expect that the resulting D-relative model categories P(C 1 , D) and P(C 2 , D) would be Quillen equivalents. This is the case at least for small D according to Theorem [18, 3.1] , since both these model categories are Quillen equivalents to P(D) with the projective model structure.
Remark 2.9. Unfortunately for a general large category D it is impossible to use P(D) as a node for the zig-zag Quillen equivalence, like P(C 1 , D) → P(D) ← P(C 2 , D), for at least two reasons:
(1) The category P(D) need not be complete (even with respect to finite limits; cf. [14] ) for incomplete D, so it may not be called a model category; (2) The orbit point functor (according to the terminology of [15] ) or the the singular functor (according to [18] ) C 1 → P(D) need not take values in small presheaves, in other words it is not defined. For example, if D is a complete category, then it is a locally small subcategory of a complete category P(D). Then the relative model category P(P(D), D) exists, but it does not admit an orbit point functor, which would be merely a restriction to D in this case, since a small presheaf on P(D) need not be small after it is restricted to D. It is not clear if there is a reasonable adjunction between P(D) and P(C 1 , D) preserving sufficient structure of the model categories.
By contrast, the Dwyer-Kan equivalence, cf. [17] , of the simplicial localizations of the model categories P(C 1 , D) and P(C 2 , D) with the D-relative model structure may be established directly. In other words, the D-relative model structure is welldefined, depending only on the category D and not on the choice of an embedding into a complete category as a locally small subcategory.
To think about these categories as elements of a model structure defined by J. Bergner, [4] , or as ∞-categories, [22] , we need to change the universe so that the categories of small presheaves can be considered small.
Recall that a simplicial functor F : A → B between two simplicial categories is a Dwyer-Kan (DK-)equivalence if
(1) The induced map hom A (A 1 , A 2 ) → hom B (F A 1 , F A 2 ) is a weak equivalence of simplicial sets; (2) The functor induced on the category of components π 0 F : π 0 A → π 0 B is an equivalence of categories. Proof. To establish a DK-equivalence of two model categories, it suffices to consider their subcategories of fibrant and cofibrant objects, or even cellular fibrant objects. Suppose X is a cellular space X = colim i<λ X i , such that X 0 = ∅ and if X i is defined, then X i+1 is obtained as a pushout:
where K ֒→ L is a map from I S and R
For a cellular complex built out of D-cells, the standard way to go from P(C 1 , D) to P(C 2 , D) through P(D) (using the singular functor composed with the realization functor defined by Dwyer and Kan, [18] ) preserves the cellular structure. In the current situation we can simply put F X = Y = Lan i2 i * 1 X ∈ P(C 2 , D), where Lan i2 is the simplicial left Kan extension. We obtain a cellular complex Y = colim i<λ Y i , such that Y 0 = ∅ and if Y i is defined, then Y i+1 is obtained as a pushout:
To verify that F induces a DK-equivalence of the simplicial localizations of our model categories we have to verify that the maps induced by F on the homotopy function complexes are weak equivalences for all cellular fibrant objects X, X ′ ∈ P(C 1 , D):
In addition, we need to verify that π 0 F = π 0 Lan i2 i * 1 is an equivalence of the category of components, which are the homotopy categories in this situation. We notice that the functor π 0 G = π 0 Lan i1 i * 2 is the inverse of π 0 F .
Singular functors and realization functors
In this section we recall the definition of a generalized orbit category, [15] , and prove our main result generalizing Theorem [18, 3.1].
3.1. Collections of orbits. Let M be a complete and cocomplete simplicial category, tensored and cotensored over simplicial sets (alternatively, we can say that M is complete and cocomplete in the enriched sense, i.e., with respect to weighted limits and colimits). We say that a class O = {O e } e∈E of objects of M is a collection of orbits for M if, in addition, the following axioms hold:
is a homotopy pushout.
is a possibly transfinite sequence of objects and maps in M such that each map X a → X a+1 is induced as in Q1 and such that, for every limit ordinal b involved, one has X b = colim a<b X a , then, for every e ∈ E, the induced map
is a weak equivalence.
Q3. The class O is locally small in M and there is a limit ordinal c such that for every sequence X 1 → · · · → X a → X a+1 → · · · as in Q2 which is indexed by the ordinals < c and for every e ∈ E, one has:
These axioms generalize the similar concept of Dwyer and Kan, [18, 2.1], and were presented for the first time by Farjoun, [15] . The first theorem of Dwyer and Kan states that a complete and cocomplete simlicial category M equipped with a set of orbits has a model structure, with weak equivalences and fibrations being the maps f : A → B such that hom(O e , f ) : hom(O e , A) → hom(O e , B) is a weak equivalence or a fibration, respectively, for all e ∈ E, [18, Theorem 2.2]. This theorem was generalized to proper classes of orbits satisfying the modified Q3 axiom (the modification is that O is locally small in M ) by Farjoun, [15, Proposition 1.3] , establishing the existence of an analogous model structure on M , such that the weak equivalences and fibrations are determined by a possibly proper class of conditions. We call this model structure the O-model structure on M .
The second theorem of Dwyer and Kan, [18, Theorem 3.1], was used numerous times but it had resisted full generalization to the class case so far. It states that M with the model structure defined by O is Quillen-equivalent to the projective model structure on P(O). In a very specific situation with M = S Proof. Consider the Yoneda embedding functor Y : M → P(M ). Since M is cocomplete, Y has a left adjoint, Z : P(M ) → M , simply a coend construction: Z(A) = Id M ⊗ M A, for all A ∈ P(M ). Notice that Z(A) is defined for all small A, since it may be rewritten as a left Kan extension of a functor defined on a small subcategory of M op , thus allowing one to compute the above coend over a small category. It is a routine to verify that the two functors are adjoint:
This adjunction is a Quillen pair, since the right adjoint Y preserves both fibra- This verification is performed by cellular induction on the skeleton of A. For representable functors it follows from the dual Yoneda lemma, while the attachment of cells requires the axioms Q1 and Q2 to prove that the weak equivalence persists through the whole construction.
Application and examples
Dwyer and Kan applied their main theorem, [18, 3.1] , to construction of a Quillen equivalence between the Bredon equivarint homotopy theory of spaces with a group action and the category of simplicial presheaves over the orbit category (the category of homogeneous spaces in this case), [18, 1.2] .
Farjoun applied the generalization of the concept of orbits in a model category to construct the equivariant model structure on the category of diagrams of spaces, [15, 2.2] , corresponding to the generalization of Bredon's equivariant homotopy theory to the arbitrary diagram case, previously developed by Farjoun and Zabrodsky, [16] Existence of this Quillen equivalence is an immediate conclusion of Theorem 3.1. Therefore we can summarize the references to the verification of the axioms Q1-Q3 for O D . While Q2 was proven in [15, 2] , the verifications of Q1 and Q3 were left to the reader. The proof of Q1 appears in [9, 1.3] . Axiom Q3 consists of the local smallness condition for the category of orbits and the smallness condition for every orbit for a fixed cardinal c. All orbits are ℵ 0 -small with respect to the cellular maps defined in Q2; see [9, 3.1] for the proof. The proof of local smallness of orbits is hidden in [15, 1.3] together with a generalization of a small object argument. We would like to make it explicit for the sake of completeness of the current paper. Proof. For every map x : * → colim D X let T x be an orbit over x, i.e., T x = * × colim D X X , where * and colim D X are considered constant diagrams over D. Then we define W X = {T x | x : * → colim D X } as the collection of all orbits in X .
The universal property of the pullback implies the required factorization property.
4.2.
Examples. The concept of the relative model structure was previously studied by Balmer and Matthey, [1, 3] , and served for the definition of the notion of codescent: a functor X ∈ P(C, D) satisfies codescent if the cofibrant replacement map in the D-relative model structure is a levelwise weak equivalence, i.e., for all C ∈ C the mapX(C) → X(C) is a weak equivalence. Although the definition of codescent applies also to large categories, the prime interest of Balmer and Matthey lies in the study of the examples related to Baum-Connes and Farrell-Jones conjectures, e.g., C = O G for a group G and D the subcategory of orbits with finite stabilizers. The existence of the relative model structure in this situation follows from [18, 3.1] . This theory was developed with the purpose of giving a modeltheoretical reformulation of the isomorphism conjectures, [2] .
Recently several new model categories with proper classes of orbits have appeared in the study of the extension of Spanier-Whitehead duality, [5] , and in the attempt to develop a recognition principle for the mapping algebras in model categorical terms, [6] . Here is a generalized treatment of these examples.
Let M be a simplicial model category, and let T ⊂ M be a locally small simplicial subcategory. Then the collection O = {R T | T ∈ T } of representable functors forms a category of orbits for P(M ). The local smallness of O follows from Lemma 2.7 and [11, Lemma 3.5] . The remaining conditions Q1-Q3 follow immediately from Yoneda's lemma. Therefore P(P(M ), O) carries the O-relative model structure, which is Quillen equivalent to a relative model structure on an even bigger category P(P(M )) by Theorem 3.1.
There are many examples of locally small classes of objects in a model category. For instance the subcategory of cofibrant objects or, more generally, A -cellular objects for a set A ⊂ M , [6] . If we take M = Sp op and T the category of fibrant spectra, then we obtain the fibrant-projective model structure on the category of small functors from spectra to spectra used in [5] and [10] .
